Ž .
for all x, y g E , then there exists a unique additive function A: E ª E such Ž . for any x g E . Moreover, if f tx is continuous in t for each fixed x g E , 1 1 then the function A is linear.
This property is called the Hyers᎐Ulam᎐Rassias stability of the additive
minology is also applied to other functional equations. w x w x The result of Rassias 8 was further generalized by Rassias 9 , Rassiaš w x w x w x and Semrl 10 , Gavruta 3 , and Jung 7 . We here introduce a theorem ofw x Gavruta 3 :Ť HEOREM 1. Let G be an abelian group and E a Banach space. Denote w .
for any x, y g G, then there exists a unique additi¨e function A:
for each x g G. 
Ž .
where A: R ª R is an additive function and b g R is an arbitrary constant.
In this paper, we prove the Hyers᎐Ulam᎐Rassias stability of the Davi-Ž . son functional equation 1 by following an idea of Girgensohn and Lajkó and by using Theorem 1.
MAIN RESULT
From now on, let E be a normed algebra with a unit element 1 and let 1 w . E be a Banach space. Let : E = E ª 0, ϱ be a function with
w . for all x, y g E , where the function : E = E ª 0, ϱ is defined by
for any x, y g E .
THEOREM 2. If a function f : E ª E satisfies the inequality
for all x, y g E , then there exists a unique additi¨e function A:
for all x g E . Ž . Proof. If we replace y by y q 1 in 2 , we have
Ž . Ž . for any x, y g E . Thus, it follows from 2 and 4 that 1 f xy q f x q y q f x q y q 1 y f y y f xy q 2 x y f y q 1
Replacing x by xr2 and y by 2 y in the last inequality, we obtain
Ž . for x, y g E . From 2 and the last relation we get
for x, y g E . If we replace x by x y y in the above inequality, then we get 
for all x g E . Ž . Ž . From 5 and 6 we obtain the following inequality concerning the Pexider equation,
for all x, y g E . for each y g E . 1 We now define a function H: E ª E by 1 2 H x s h x y f 0 y g 0 1 0
for all x in E . 1 Ž . Ž . It follows from 7 ᎐ 10 that
for all x, y g E .
1
According to Theorem 1, there exists a unique additive function A: E ª E such that 1 2
for any x g E .
Ž . Ž . Ž . Hence, by 8 , 10 , and 11 , we easily see that
for any x in E . This completes the proof of Theorem 2.
1
If the function f in Theorem 2 is assumed to be continuous at a point, then the additive function A is linear. By using an idea from a book by w x Hyers, et al. 6 , we can prove the following corollary.
w . Let us define a function : E = E ª 0, ϱ by
n Ž . for each n g N the set of natural numbers . Proof. According to Theorem 2, there exists a unique additive function Ž . A: E ª E satisfying the inequality 3 for all x in E . 1 2 1 Assume that the additive function A is not continuous. Then we can Ä 4 choose a sequence x in E with the properties n 1
x ª 0 and A x ª ϱ.
Ž .
n n as n ª ϱ. Ž . In view of the continuity of f at y and 3 , there exist an integer n ) 0 0 0 and real constants ) 0,
which is contrary to our assumption. Hence, we conclude that the additive function A is continuous.
SOME EXAMPLES
In the following example, the Hyers᎐Ulam stability of the Davison functional equation is shown.
w . EXAMPLE 4. Given G 0, if we define the function : E = E ª 0, ϱ
we have x, y s 3 and ⌽ x, y s 9 for all x, y g E . On account of Theorem 2, we can conclude that if a function f : 1 E ª E satisfies the inequality 1 2 f xy q f x q y y f xy q x y f y F 12
for all x, y g E , then there exists a unique additive function A:
Ž .5 such that f x y A x y f 0 F 12 for all x g E . Ž .
Ž . 
